A 3D carbon allotrope made of Hopf-linked graphene sheets, which we call a Hopfene, is proposed. Electronic states of Hopf-linked parts are examined by semi-empirical molecular-orbital and density-functional-theoretical methods, which show that the links are not sustained with hard σ-bonds but are suspended with extended π-orbitals; thus the Hopfene would be expected to be rather soft compared with graphenes. Band-structure analyses of Hopfenes are also performed, which exhibit different properties from those of graphenes; moreover, Hopfenes with different sheet-spacings exhibit completely different band structures between primary-type Hopfene with a finite minimum sheet-spacing and secondary type with its double-sized spacing, where the secondary type provides clear flat bands, which are beneficial for magnetic-and electric-property researches.
INTRODUCTION
The discovery of carbon allotropes [1] [2] [3] has revealed their unusual fundamental properties via electrical and spectroscopic analyses [4] [5] [6] , and also has promoted their applications to condensed-matter physics: for example, superconductivity in alkali-metal-doped fullerenes [7] , Tomonaga-Luttinger liquid in carbon nanotubes [8] , and quantum Hall effects in graphenes [9, 10] . Of these, the findings of fullerenes and graphenes received Nobel prizes, and their useful functionalities have since then spread all over material science and nano-electronics. On the development of carbon allotropes, we have so far proposed a variety of topological carbon structures in the form of a molecule, a chain, a chainmail, and a crystal [11, 12] . Among them, the topological crystal, as shown in Figs. 1(a)(b) , is of particular interest. Despite using carbon honeycomb sheets, i.e., graphenes, the topological crystal would exhibit qualitatively different electrical properties from those of graphenes; however, they are not yet so clear, not even clear whether the crystal is classified as a metal, a semimetal, or an insulator. Thus we clarify this in this paper, and also examine electronic sustainability of its topological links by semi-empirical molecular-orbital (MO) and density-functional-theoretical (DFT) analyses.
As seen in Fig. 1 , the proposed crystal consists of both vertically-and horizontally-combined graphene sheets, the intersections of which are made of Hopf-links; thus we call this 3D structure a Hopfene after topologist Heinz Hopf who studied those topological links. The structure is simple, but would show some unusual properties (even when compared with a recently-invented 3D carbon structure [13] ). A similar structure made of polymers developed in chemistry [14] [15] [16] has different atomic symmetry from ours; that is I4/mcm in Schönflies notation, but ours is P4 2 bc or P4 2 , which means that 'coarse-grained' frame forms are similar but that the atomic configurations are completely different.
Hopfenes can have some different types (as seen in Figs. 1(a)(b) ) with respect to a sheet-spacing and a sheet phase-shift. But, both have a tetragonal unit cell with lattice constants of a and b (= a) in the x and y directions and c ( a = b) in the z direction. It seems that the period in Fig. 1(b) in the x and y directions is double as large as that in Fig. 1(a) . But since the graphene sheet at slot 1 in Fig. 1(a) is half-lattice-constant shifted (or phase 'π'-shifted) in the z direction, both periods in the x and y directions in Figs. 1(a)(b) are the same. In Fig. 1(a) , although there remains the phase 'π'-shift at the slot-1 sheet in the z direction, the Hopfene periods in the z direction both in Figs. 1(a)(b) are actually the same; yet their cross-sections in the x-y plane are clearly different due to different atomic configurations.
This paper is organized as follows: In §2, the structural detail (or construction) of Hopfenes is described. In §3, the sustainability of Hopf-links is examined by a semiempirical MO method. In §4, electron wavefunctions and band structures of Hopfenes are analyzed by DFT calculations, and discussions on analyzed results are also given. Finally, §5 summarizes the obtained results.
HOPFENE -STRUCTURAL DETAILS
As for the detail of the Hopfene or how to set it up, for example for Fig. 1(a) , the slot-1 sheet is inserted horizontally (i.e., parallelly to the x-z plane) to the exact middle between slot-0 and slot-2 sheets, where the slot-1 sheet is set so that horizontal σ-bond ladders formed between zigzag edges can intersect vertical σ-bond ladders formed between other zigzag edges; this causes the 'π'-shift at the slot-1 sheet as long as it is set between slot-0 and slot-2 sheets (i.e., with no empty slots), where these two slot sheets have no phase shift for each other. A stable carbon-atom configuration in this Hopfene achieved by energy optimization always settles down to this configuration. In addition, this configuration precludes the insertion of sheets in parallel to the x-y plane. We call this type of Hopfene a (1,1)-Hopfene (i.e., without any empty slots). The carbon atoms of the (1,1)-Hopfene have Schönflies symmetry P4 2 bc.
On the other hand, Fig. 1(b) depicts a Hopfene where the slot-1 sheet is removed; similar sheet removal in the vertical direction is also performed. We call this type of Hopfene a (2,2)-Hopfene (which has no phase-shifted sheets for parallelly-aligned sheets). The carbon atoms of the (2,2)-Hopfene have symmetry P4 2 . An (n, m)-Hopfene (n, m: integer) is generally possible [11] .
In what follows, we first examine the sustainability of Hopf-links via semi-empirical MO analyses, and then analyze the electron wavefunctions and band structures of the Hopfenes via DFT analyses [17, 18] ; as we will see, the (1,1)-and (2,2)-Hopfenes show fairly dissimilar band structures.
HOPF-LINK SUSTAINABILITY ANALYSES
3D-Hopfene sustainability at zero temperature was already examined by a semi-empirical MO method [11, 19] . In the present paper, we instead examine more basic part, i.e., the Hopf-link itself, which is the building block of the Hopfenes, as displayed in Fig. 2(a) . To check if the Hopf-link is energetically stable, artificial position-shifts of carbons in the link were performed, and the required additional energy for this was obtained; free-movement (free-fall) tests for the position-shifted carbons were also carried out to verify its stability. Here, the additional energy for structure deformation corresponds to 'effective heat energy' given from the environment to the Hopf-link. By addition of 'heat' to get over an energypotential barrier, we then observed another-shaped stable Hopf-link, as shown in Fig. 2(b) , where bonds with sp 3 -orbitals, which diamonds use, emerged at the connected part of the Hopf-link. In our computations, obtaining the structure in Fig. 2(b) required the addition of 1.7 eV (2.0 × 10 4 K) to that in Fig. 2(a) ; that is, the formation energy for Fig. 2(a) is 1.7-eV smaller than that for Fig. 2(b) . We can thus see that the Hopf-link is rather stable or tolerable to heat (but note that in the air, oxidation reaction with carbons easily takes place at a much lower temperature ∼ 700 K, which readily breaks or burns the Hopf-link). 
ELECTRON-WAVEFUNCTION AND BAND-STRUCTURE ANALYSES
As is well-known, the band structure of 3D molecular crystals made up of such molecules as 2D saturated hydro-carbons with σ-bonds does not so much differ in bandgap from that of isolated molecules with a HOMO-LUMO energy gap. But, forming a honeycomb structure (without hydrogens), i.e., a graphene, changes the situation, producing an electronic band with zero gap, where extended π-orbital wavefunctions are allowed, as seen in Fig. 3(a) , on the upper and lower graphene surfaces; this also recovers electrical conduction (if the Fermi level is set higher or lower than the Dirac point by donor-or acceptor-doping or by gate-field application using field-effect-transistor structures).
In a (1,1)-Hopfene, extended π-orbital wavefunctions, obtained by numerically solving the Kohn-Sham equation, go in the vertical direction as well as in the horizontal direction, as displayed in yellow in Figs. 3(b)-(d) ; these figures include other Kohn-Sham-wavefunction contributions (in blue and light blue). From Fig. 3(c) , we can see that rings of the Hopf-link are suspended in the extended π-orbitals. In Figs. 3(b)-(d) , we can also see localized electrons (in blue and light blue) around the carbon atoms and the σ-bonds, respectively. In the same figures, the regions with very small wavefunction amplitudes (i.e., the regions with almost no electrons) are indicated in orange. It is not shown, but a (2,2)-Hopfene has a very similar electron distribution, while having much bigger 'holes' at orange regions.
The obtained band structures (Kohn-Sham-eigenvalue distributions) of the (1,1)-and (2,2)-Hopfenes are shown in Figs. 4(a)(b) , respectively; these show rather dissimilar structures, although the electron distributions between them are not so much different. In particular, we observed several flat bands in Fig. 4(b) . So far the mechanism of this flat-band appearance is not yet perfectly understood; but we have simultaneously observed a great decrease in the number of dispersion branches with branch rearrangement (while increasing degeneracy). We thus infer that the flat-band appearance is intimately related to this rearrangement, which results from the higher crystal symmetry of the (2,2)-Hopfene with no phase-shifted sheets than that of the (1,1)-Hopfene with a large number of phase-shifted sheets. The presence of flat bands is very interesting and useful for solid-state physics; for example, studying the ground-state properties of a many-body carrier system is made possible in a nonperturbative manner, and our Hopfene can be a type of itinerant carrier system that provides such a possibility.
As for more details of the band structure for the (1,1)-Hopfene in Fig. 4(a) , we can see that it is clearly semimetallic because it has partially-filled conduction and valence bands (valleys), which differs from the graphene bandstructure with semiconducting nature at around Dirac points. In Fig. 4(b) for the (2,2)-Hopfene, we can see semimetallic and semiconducting parts at different bands and also see several flat bands; those parts can be effectively used by a Fermi-level shift with doping etc.. Since the flat bands have high density of states (DOS) with carriers having very large effective mass, when the Fermi level is set to a flat band, the electron-interaction term can be dominant in the competition between electron kinetic-energy and interaction terms in an e-e-interaction Hamiltonian, such as the Hubbard model. This could cause ferromagnetism in a certain situation [20] [21] [22] [23] . As for electrical conduction, since it depends on the ratio of DOS/effective carrier mass [24, 25], we cannot assert that it is perfectly suppressed at the flat band (but if it is very small, we can see a type of semimetal-insulator transition by doping control). On the whole, the behaviors of the Hopfenes are very interesting, and some other interesting properties (e.g., high specific heat and superconductivity) are also expected to come out of the Hopfene researches.
SUMMARY
In Hopfenes, we have examined the sustainability of the Hopf-links via a semi-empirical MO method by addition of energy (heat). Electron-wavefunction analyses by DFT computations have shown that the Hopf-links are suspended in soft, extended π-orbitals, where no hard σ-bonds for suspension were observed. Band-structure analyses of Hopfenes have exhibited rather different structures from those of graphenes; moreover, a comparison between the band structures of (1,1)-and (2,2)-Hopfenes has shown a clear difference between them, which manifests the presence of flat bands in the (2,2)-Hopfenes. Although the proposed Hopfenes have not yet been found in carbon soot, if they were found, they could be much utilized for interesting magnetism and electrical-conduction researches. 
